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ABSTRACT. We classify tuples of (not necessarily commuting) isometries that admit von
Neumann-Wold decomposition. We introduce the notion of twisted isometries for tuples of
isometries and prove the existence of orthogonal decomposition for such tuples. The former
classification is partially inspired by a result that was observed more than three decades ago
by Gaspar and Suciu. And the latter result generalizes Popovici’s orthogonal decompositions
for pairs of commuting isometries to general tuples of twisted isometries which also includes
the case of tuples of commuting isometries. Our results unify all the known orthogonal
decomposition related results in the literature.

1. INTRODUCTION

This article is concerned with orthogonal decompositions and representations of n-tuples
of (not necessarily commuting) isometries acting on Hilbert spaces. We assume throughout
that n(> 1) is a natural number and Hilbert spaces are separable and over C. The present
article can be considered as a sequel to [13], although fairly different, more general in spirit,
and almost an independent read.

The starting point for our analysis is the classical von Neumann—Wold decompositions of
isometries on Hilbert spaces. Let H be an arbitrary but fixed Hilbert space. A bounded linear
operator V on H (in short V' € B(H)) is said to be an isometry if ||V f|| = || f]| for all f € H,
or equivalently, V*V = Iy. Of course, a trivial example of an isometry is unitary, whereas a
less trivial example is a shift operator. Recall that an isometry V' is a shift if

SOT — lim V*™ = 0.

m—ro0

These examples of isometries are rather typical:

Theorem 1.1 (von Neumann-Wold decomposition). Let V' € B(H) be an isometry. Then
Ho = N_oV™H reduces V. Moreover, V|y, is a unitary and V|H{1} s a shift, where

Moy =My = P V" (ker V7).
m=0
Therefore, V' gives rise to an orthogonal direct sum of two closed subspaces (one of them is

possibly zero) with respect to which V' admits a 2 x 2 diagonal block matrix whose diagonal
blocks are shift and unitary operators. This simple description of isometries is one of the
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most fundamental results in linear analysis. For instance, Theorem 1.1 plays an essential role
in prediction theory [4], time series analysis [10], stochastic process [11], operator models [17],
C*-algebras [2, 18, 20], etc.

Theorem 1.1 raises natural and important questions, such as how to determine whether
an n-tuple of isometries admits (meaningful) orthogonal direct sum decomposition, and even
if such decomposition exists, what are the representations of tuples of isometries, whether
such representations are unique or canonical, and of course, what are the invariants. The
general problem seems completely inaccessible as even the structure of commuting pairs of
isometries is notoriously complicated and largely unknown. However, this problem has been
settled for certain classes of isometries. Notably, in [15], Stociriski demonstrated a completely
satisfactory theory for pairs of doubly commuting isometries. In order to be more precise, let
us clarify the meaning of orthogonal decompositions of tuples of isometries. The motivation
comes from von Neumann [19], Wold [21], Stocinski [15], and Popovici [12].

Definition 1.2. An n-tuple of isometries V = (Vi,...,V},) acting on H admits an orthogonal
decomposition if there exist 2" closed subspaces {H 4 }acr, of H (some of these subspaces may
be trivial) such that

(1) H4 reduces V for all A C I,

(2) H= @Ag{l,...,n} Ha, and

(3) Vilaa, © € A, is a shift, and Vj|y,, j € A% is a unitary for all A S {1,...,n}.
If, in addition, (3) holds for A = {1,...,n}, then we say that V" admits a von Neumann—Wold
decomposition.

The meaning of condition (1) is that H 4 reduces V; for all i = 1,...,n. At this point,
we pause to warn the reader that, in the definition of orthogonal decomposition; we do not
impose any particular condition on the reducing subspace Hyy,. 5}

Stocinski proved that pairs of doubly commuting isometries admit von Neumann—Wold

decomposition. Recall that an n-tuple of isometries (V;,...,V,) on H is said to be doubly
commuting if
(L1) VIV =V (i #)).

In particular, if (17, V53) is a pair of doubly commuting isometries, then there exist four closed
joint (Vi, V5)-reducing subspaces H 4, A C {1,2}, such that

(1.2) H= P Ha

and V|, is a shift or unitary according toi € A ori ¢ A, respectively. Slociriski’s observation
(also see Suciu [16]) provided much of the inspiration for the subsequent development of
orthogonal decompositions of tuples of isometries. For example, see [3, 8, 14] for doubly
commuting analogue in higher dimensions and other general settings.

Now, passing to general tuples of isometries, there are two instances that are relevant to us:
Popovici [12] proved that a pair of commuting isometries admits an orthogonal decomposition,
just as in (1.2) above, but with the additional property that the fourth part (V;,V3)
is a weak bi-shift. Here (and similarly for general tuples of operators) (V1,V3)

’H{Lg}

%5, refers
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to the pair (Vils, ,,, Valn, o) on Hiay. Weak bi-shifts are rather complicated and encode
the information of the complexity of pairs of commuting isometries. Secondly, motivated by
Heisenberg group C*-algebras (and also [5]), in [13] we introduced the notion of doubly twisted
isometries (see Definition 1.3 below) and prove that a tuple of doubly twisted isometries always
admits a von Neumann—Wold decomposition. Of course, doubly twisted isometries are fairly
noncommutative objects, and therefore, it is curious to observe that the existence of the von
Neumann—Wold decomposition is not completely a commutative feature. Note that doubly
twisted isometries were referred to as tuples of U,-twisted isometries in [13].

In this paper, we study orthogonal decompositions at a higher level. First, we propose a
general framework for noncommuting tuples of isometries and classify tuples admitting von
Neumann—Wold decomposition. Our classification unifies all the existing results on von Neu-
mann—Wold decompositions of tuple of isometries. Our results restricted to the commuting
tuples of operators recover the classification of Gaspar and Suciu [3]. In other words, we point
out that the idea of Gaspar and Suciu works for tuples of noncommuting isometries, which is
fairly relevant as the existence and subsequent (direct or indirect) applications of orthogonal
decomposition to C*-algebras appear to be fruitful (although we do not pursue this direction
here). See [6, 7, 9, 20|, and also see the central paper [1].

Secondly, we introduce the notion of twisted isometries and prove that an n-tuple of twisted
isometries V' = (V1,...,V},) admits an orthogonal decomposition with the additional property
that V|y (1. 15 an n-tuple of twisted weak shift. This decomposition is more general than
that of [12] as well as [13]. On one hand, our orthogonal decompositions for commuting tuples
work for n-tuples, n > 2, and on the other hand, the generalizations of wandering subspaces
and weak bi-shifts for n-tuples of isometries seem to be of interest as these ideas are not
straight extensions of existing two variable theory.

Let us now turn to the technical part: Throughout the paper, when we refer to a twist on
H, we mean (g) commuting unitaries {U;; }1<i<j<n on H such that

We now recall the notion of doubly twisted isometries which was introduced in [13] and
referred to as U,-twisted isometry.

Definition 1.3 (Doubly twisted isometries). An n-tuple of isometries (Vi,...,V,,) on H is
said to be doubly twisted with respect to a twist {Us}s<: € B(H) if Vi, € {Uq},., and

VAV, = ULV, Vi,

YRR}
for all 7,5,k =1,...,n, and i # j.
We often suppress the twist {U;; }i<; and simply say that V' is a doubly twisted isometry.
In [13], we proved the existence of von Neumann-Wold decompositions for doubly twisted

isometries. We further note that for a doubly twisted isometry (Vi,...,V},), we necessarily
have that V;V; = U;;V;V; for all i # j (cf. [13, Lemma 3.1]). This motivates:

Definition 1.4 (Twisted isometries). An n-tuple of isometries V' = (Vi,...,V},) on H is said
to be a twisted isometry with respect to a twist {Ug }s<: € B(H) if Vi, € {Uq},., and

ViV; = UyViVi,



4 RAKSHIT, SARKAR, AND SURYAWANSHI

for all 4,7,k = 1,...,n, and ¢ # j. The tuple V is said to be a twisted isometry if it is a
twisted isometry corresponding to some twist.

The particular case U;; = Iy for all @ < j yields tuples of commuting isometries. As
pointed out previously, in the case of pairs of commuting isometries, Popovici [12] introduced
orthogonal decompositions replacing Stociniski’s doubly commuting shift part with weak bi-
shift. A pair of commuting isometries is called weak bi-shift if

‘/1|ﬂ120ker\/2*va ‘/2|ﬂj20kerV1*V2j7 and ‘/1‘/27

are shifts. In this context, we remark that a pair of shifts (4, V3) is doubly commuting if and
only if Vi|ier vy, Valkerv and Vi Vs are shifts [12]. However, as we will see, for a general n-tuple,
one needs a little more care in extending the ideas of Popovici. After some preparation on
the geometric structure of twisted shifts, in Definition 5.5, we introduce the notion of twisted
weak shifts, a twisted counterpart of Popovici’s weak bi-shifts. In Theorem 6.2, we prove
that a twisted isometry admits an orthogonal decomposition with V3, as a twisted weak
shift. In summary, an n-tuple of twisted isometry V' = (Vi,...,V},) gives rise to a direct
sum decomposition just as in the case of doubly commuting isometry but the restriction of
V on Hj, is (the twisted weak shift) is rather complicated and encode the information of the
complexity of tuples of twisted (or even commuting) isometries. In other words, the first 2" —1
subspaces of the direct summand are simple and enjoy similar properties to that of Stocinski
decomposition, and the Popovici analogue of the 2"-th summand is rather the challenging
part.

The rest of the paper is organized as follows. In Section 2, we classify tuples of isome-
tries that admit von Neumann—Wold decomposition. The existence of von Neumann—Wold
decompositions of tuples of doubly commuting isometries then follows as a simple corollary.

Section 3 revisits von Neumann-Wold decompositions of doubly twisted isometries, which
was first observed in [13]. The present proof follows as an application of the classification of
von Neumann-Wold decompositions for general tuples of isometries. On one hand, this makes
the paper an independent read and easy reference for the remaining results. On the other
hand, this connects the recent developments with the techniques which were observed more
than three decades ago by Gaspar and Suciu [3].

Section 4 sets the stage for wandering subspaces for twisted isometries. This section is
central to the theory of orthogonal decomposition of twisted isometries.

In Section 5, we introduce the notion of twisted weak shifts, the twisted counterpart of
Popovici’s weak bi-shifts. The idea of twisted weak shifts comes from a classification of
twisted shifts (see Proposition 5.4). Section 6 deals with orthogonal decompositions of twisted
isometries.

2. CHARACTERIZATIONS OF VON NEUMANN-WOLD DECOMPOSITIONS

In this section, we work in the category of noncommuting tuples of isometries. More
specifically, we classify tuples of isometries that admit von Neumann—Wold decomposition.
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Let V € B(H) be an isometry. To simplify the notation, we set
(2.1) Hyu= ()| V"H, and Hy, = €P V" (ker V"),

mGZ+ mGZ+
the unitary part and the shift part, respectively, of V' (see Theorem 1.1). Therefore, H =
Hy,s © Hy,u, where Vy,,  is a shift and V4, , is a unitary.
The following notation will be convenient throughout this paper:

I, =A{1,...,n}.

Let V = (Vi,...,V,) be an n-tuple of isometries acting on H. Recall from Definition 1.2 that
V' admits a von Neumann-Wold decomposition if there exist 2" closed subspaces {Ha}acr,
of H such that H =P ; Ha, and

(1) H 4 reduces V for all A C I,,, and

(2) Vilu,, t € A, is a shift, and Vj|y,, j € A is a unitary for all A C I,.

We are now ready for the characterization of tuples of isometries admitting von Neumann-

Wold decomposition.

Theorem 2.1. Let V = (Vi,...,V,,) be an n-tuple of isometries on H. The following are
equivalent:

(1) V' admits a von Neumann-Wold decomposition.
(2) My, reduces V; for alli,j € I,.
(3) Hv,s reduces V; for all i,j € I,.

Proof. Evidently, it is enough to prove that (1) and (2) are equivalent. Let V admits a

von Neumann-Wold decomposition H = 4, Ha. Fix i € I,. By the definition of von
Neumann-Wold decomposition and Theorem 1.1, we have

MHy,s = D Hp, and Hy,. = €P Hp.

BCI, BCIy
i€B i¢B

Since H 4 reduces V; for all j € I, and A C I,,, it follows that Hy, ,, reduces V; for all 4, j € I,,.

For the converse, suppose Hy;,, (and hence Hy, s too) reduces V; for all i, 5 € I,,. For each
A C I,, define

(2.2) Ha = | (Vo] ]| ) Hor]-
icA JEAe
Clearly, H 4 reduces V; for all ¢ € I,, and A C I,,. It then remains to show that H = @Agln Ha.
Since @Agn Ha C H, it is enough to prove that
H=HysDHyu.C @ Ha.
ACI,

For this, we need a general observation: Given A C [, ; I, and j ¢ I,,, we denote by A the
set A itself but as a subset of I, U {j}. We claim that

HA Q HAU{j} @?‘[A
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Note that H 4 reduces V;, and also ker V*|y, = ker V"N 'H 4. By applying the von Neumann-
Wold Decomposition to the isometry V;|y,, we have

. k;
Ha= [ @D VP ker vy 0w @ [NV Hal-
kj€Zy kj€Z4
For each k; € Z,, it is obvious that
Vi (ker Vi N'Ha) © Vi7" Ha C Ha,
and
ijj (ker ViNHa) C ijj (ker V7).
The latter inclusion yields
D VP kerVinHa) € PV lker V) = Ha
kj€Z4 kj€Z+

which along with the former inclusion gives

@ ijj (ker V' N Ha) € Ha N Hy,s = Haugy-

IC]'EZ+
We also have
N viracHa () VIH) = Ha
kj€Z+ kj€Z+

This implies Ha C© H ¢, ® H; and proves the claim. Applying this to A C [, ;Cé I, and
J, k & I, we obtain

Ha © Hisgom ® Hiavgy © Hivpy © Ha,
where A = A but a subset of I, U {j, k}. Consider the von-Neumann Wold decomposition
for V; on H:

H — HV1,S®HV1,U - H{l} @ H@?

where index sets {1} and () on the right side are subsets of I = {1}. Applying the above
recipe repeatedly to Hqy one sees that

Hpy © A%J/H{i}um
where J = {2,...,n}, and {1} = {1} but a subset of I,,. Similarly, Hy C @ H4. Then
ACJ
H="H ®Hy

c (A%J H{i}uA) ® (A%J Ha)

completes the proof of the theorem. O
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In the case of commuting tuples of isometries, the above result was stated by Gaspar and
Suciu (see [3, Theorem 2|). The proof in [3] was mentioned only in the case of n = 3. It
is very curious to observe that the commutative theme of Gaspar and Suciu also works for
noncommuting tuples of isometries.

Two particular cases of the above classification are worthy of special attention: doubly
commuting tuples of isometries (also see [3]) and doubly twisted isometries. Of course, the
latter notion is more general than the former. We conclude this section with the case of
doubly commuting isometries.

Before proceeding further, it is useful to make some standard observations about isometries.
Given a closed subspace § C H, denote by Ps the orthogonal projection of H onto S.

Lemma 2.2. Let V € B(H) be an isometry. Then
(1) Puy. = SOT =3, e, V™ Pror v V™.
(2) Pry, = SOT — limyype VIV,

Proof. The proof follows from representations of unitary and shift parts of isometries as in
(2.1). O

Let V' = (V4,...,V,) be a tuple of doubly commuting isometries on H (see (1.1)). By
Lemma 2.2, it follows that

Py, . =SOT — lim V"V'™ (i€ I,).

m—r0o0

In particular, it h € H and i € I, then h € Hy, ,, if and only if Py,  h = h, whereas h € Hy;
if and only if Py, =0. Clearly, Hy; ,, reduces V; for all © € I,,. Moreover, for all 7 # j in
I,,, we have

Vi,

(VimVirmv = V()
that is
PHVi,u‘/j = ‘/}P’HVi,u'
This implies immediately that Hy; , reduces V; for all ¢,j € I,. Theorem 2.1 then implies
that V' admits von Neumann-Wold decomposition. This assertion was observed earlier in [14].
The assertion also follows from Corollary 3.2.

It is now an interesting problem to represent the direct summands H 4 of the von Neumann-
Wold decomposition as described in (2.2). The answer is not clear in this generality and even
it is unclear what conditions we would need to impose to get concrete representations of H 4.
In the following section, we will discuss this in the setting of doubly twisted isometries.

3. DOUBLY TWISTED ISOMETRIES

In this section, we deal with doubly twisted isometries (see Definition 1.3). The goal here
is to recover, as an application of Theorem 2.1, the existence of the von Neumann-Wold
decomposition for doubly twisted isometries along with representations of H4’s as described
in (2.2). Needless to say, the main results of this section are not new (cf. [13, Theorem 3.6]),
but the techniques involved are more algebraic. We believe that the present approach has
more potential in other general frameworks.
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Let (V1,...,V,) be a doubly twisted isometry on H. We know that

(3.1) ViV = U V3V, and ViV = Uy V3V,
for all ¢ # 7 and ¢, j € I,,. For each i # j, we then have

(3.2) Uiy = ViV,

and

Vi(V;Vi) = U ViViVy = Uy Vi(UGViV) = (V;Vi)Vi
In the above, we have used the fact that V), € {Ug},_, for all p € I, and U}, = Uy, t > s.
Therefore
(3.3) ViV = (VI (i # ).
Let Ny = H, and let
Na=(NkerV;  (A#0).
i€A
Also set N; = Ny = ker V;* for all i € I,. In view of the above observation, we have
(3.4) (VVHOVV7) = (VVHVVE) - (i #)).
Since I — V;V;* = Py, for all i € I, it follows that {Py;}ics, is a family of commuting
orthogonal projections. This implies
Pv,=]]Pv. (ACIL,A#0).
icA
Moreover, (3.3) implies that N4 reduces V; for all j ¢ A. Since V; € {Uq},_,, it follows that
(I = V;V*)Ugq = Us(I — V;V¥) for all i € I, and hence, by the factorization of Py, above, we
have that N4 reduces Uy and UgNy = Ny for all s # ¢ and A C I,,. We summarize all these
observations in the following lemma (also see Lemma 3.3 and Lemma 3.5 in [13]).
Lemma 3.1. Let (Vi,...,V,) be a doubly twisted isometry, and let A C I,,. Then:

(1) { Py }icr, is a family of commuting orthogonal projections.

(2) Py = [lLica Prniy A# 0.
(3) Na reduces V; for all j ¢ A, and A # I,,.
(4) N4 reduces Uy and UgNa = Ny for all s # t.

We are now ready for the second application of Theorem 2.1:
Corollary 3.2. Doubly twisted isometries admit von Neumann-Wold decomposition.
Proof. Let (V4,...,V,) be a doubly twisted isometry on H. Fix i,j € I, and suppose i # j.
Since V;ij = ijViU[f for all m € Z, and U;;H = H and V;H C H, it follows that
Vity,u =Vi( () V/"H) = () V/"VUGH S [ V"M
meZy meZ meEZy

that is, ViHy,, € Hy, . Similarly, V*Hy, , € Hy,,. This proves that Hy, , reduces V.
Finally, the fact that Hy; , reduces V; follows from the von Neumann-Wold decomposition of
V;. Thus the assertion follows from Theorem 2.1. O
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Now we turn to the problem of representations of the direct summands of the von Neumann-
Wold decomposition. First, observe that Lemma 3.1 and part (2) of Lemma 2.2 implies:

Lemma 3.3. Let (Vi,...,V,) be a doubly twisted isometry, and let A ; 1, be a nonempty
subset. Then PHVW, Pij,u € {Py,} forall j € A°.

We then have the commutativity of orthogonal projections:

Lemma 3.4. Let (V4,...,V,) be a doubly twisted isometry. Then {PHV,LvS?P’HVjvu}iajeIn s a
family of commuting orthogonal projections.

Proof. Clearly, Py, Py, , = 0= Py, Py,  forall i € I,. Therefore, assume that i # j.
Lemma 2.2 and Lemma 3.3 then imply

PHVi,sPHVj,s = ( Z ‘/szsz;*m> PHVj,s = Pij,s< Z V;mPMV;*m> - PHVj,sPHVi,s'
m€Z+ m€Z+

In the above, we have also used the fact that Hy, ; reduces V;. A similar computation then
yields Py,  Pry. , = Puy,  Pry,. and Py, Py, = Py Py, ., and completes the proof of
the lemma. O

Similar technique applies to the splitting of product of isometries, co-isometries, and or-
thogonal projections. For each m > 1, denote by k = (k, ..., ky) the multi-index in ZT".

Lemma 3.5. Let (Vi,...,V,) be a doubly twisted isometry, A C I,, A# 0, and let k € Z‘f'.
Then *

[T (v pwvit) = (TTv*) 2 (TTVE) -

S €A €A
Proof. Let i,j € I,,, and suppose i # j. Note that (see (3.1))

VPV = UPVEVE (pg € Zy).
Since U;; € {V;,V;} and N, = ker V* reduces V; for all ¢ # s (see part (3) of Lemma 3.1), for
each k;, k; € Z, it follows that
k; *k; k; *kj
(Vi P Vim ) (Vi B Vi ) =

*k kj
ij

(U P VIV Py v

(U;;’“Z’“ YWV Py, Pr VRV

* k kik;
= (U )( V) Py {”}(V'“V ) (U;)
= (

vk ) V’“V)

This verifies the conclusion for A = {7, j}. The lemma now follows by induction. O

{w}(

We set the following convention. Given an n-tuple of bounded linear operators T =
(Ty,...,T,) on H and k = (k1,...,k,) € Z", we define T* by

TF =T - Tk

Now we discuss the unitary part of doubly twisted isometries:
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Lemma 3.6. Let V = (Vi,...,V,) be a doubly twisted isometry and let S reduces V. Then

AVves=() ) Vs

kezn i€l k€7

Proof. 1t suffices to prove the assertion for n = 2; the general case then easily follows by
induction. Let V' = (V;,V5) be a doubly twisted isometry and let U be the corresponding
twist. By (3.1) and (3.2), we know that V1V, = UVLV; and U = V*V;*V; V4. In particular, S
reduces U. It is now easy to see that

AVves<c () () viFs.

keZﬁ_ i€lak;€Z 1

For the reverse inclusion, let y € (Mg ez, Vi™S) N (Niyez, Va?S). For each ki, ky € Z,, there
exist y, and y, in S such that y = V"o, = ViF21y,. Then

. *kl kQ . kz *kl xk1k _ kz
xkl_‘/l ‘/2 ‘rk2_‘/2 (‘/1 u™ 21‘]@)—‘/2 €,

where © = V"1 U*k2g, € S. Therefore, y = V" V2 € ﬂkeZinS, which completes the
proof of the lemma. O

The following conventions will be in effect throughout: For an n-tuple of bounded linear
operators 1" = (T3,...,T,) on H and A= {my <--- <my,} C I,, we define

Ta= Thys- - Th,),
and, for each k = (ky,...,k,) € Z-, define
(3.5) Th =T - Thr.
Now we are ready to compute the closed subspaces H 4 in (2.2).

Theorem 3.7. Let V = (Vi,...,V,) be a doubly twisted isometry. Then V admits a von
Neumann-Wold decomposition H = @Agn Ha, where

Ha= P vjf( N v}n\ANA) (AC L)
kez! M tez 14

Proof. By Corollary 3.2, we already know the existence of the von Neumann-Wold decompo-
sition. We also know that (see (2.2) in the proof of Theorem 2.1)

Ha— (ﬂ Hi ) V() (ACH).

jEAe
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Fix A C I, and suppose A # (). Lemma 3.4 implies H, = (HieA PHvi,s) (HjeAC Pij,u)H-
We compute

HPHVZ-,S = H ( Z VZkzPMVZ*kZ>

i€cA i€A  kieZy

= > (ITvpavi®)

kEZlJf‘ €A
= > (ITv) P (TIv") -
kezldl €A i€A

where the last equality follows from Lemma 3.5. If A = [, then the above equality gives
desired representation of H;, . Suppose A C I,. By Lemma 3.3, we know that PHijuPNA =

PNAPHV],’“ for all 7 € A°. Also, since P"ij,uvi = Vz‘Pij,u for all © € A and j € A°, we have

(7w ) (T2 ) = (5 (T (1) ) (1T 1)

jeae kezlAl €A
= Z (H V/ﬁ) < H PHVj,u>PNA ( H Vllﬂ) .
ezl €A jeae icA
+

Consequently

Ha =ran < Z (HVJ“’)( H PH%”)PNA).

kez‘_’iﬂ €A JEAC

Finally, note that
k;.
ran (( H Pij,u>PNA) = m Pij,uNA — ﬂ ( m Vj”(NA)> — ﬂ VIln\A(NA)v
JEAC JEAC JEAC kjEZ+ lEZii‘A‘
where the last equality follows from Lemma 3.6. Therefore
Ha= P VE( ) Vi),

kez!? tezn 14

If A= (), then N4 = H, and hence using above equality we get
Hy = ﬂ Vi H,
lezZn

which completes the proof of the theorem. O

As already pointed out, this was first observed in [13]. The present proof is an application
of Theorem 2.1 and is conceptually different. Moreover, the techniques and ideas used in this
section will be useful in describing the structure of twisted isometries.
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4. WANDERING SUBSPACES

Let V = (V4,...,V,) be a tuple of isometries on H, and let S be a closed subspace of H.
We say that S satisfies wandering property (or S is a wandering subspace) for V' if

VES L V'S,
for all k # [ in Z7. If, in addition
"= Vvts,
ez

then we say that S is a generating wandering subspace for V. Generating wandering subspaces
play a vital role in representing single isometries. Indeed, if n = 1, then ker V* is the
generating wandering subspace which represents the pure part of an isometry V' (see Theorem
1.1). Wandering subspaces for doubly twisted isometries are also explicit and play important
role in the structure of such tuples (compare Theorem 3.7 with the identity (5.2)). However,
as we will see in this section, the analog of wandering subspaces for twisted isometries requires
some more care. We begin with the following definition (recall (3.5)).

Definition 4.1. Let V' = (V4,...,V,) be a tuple of isometries on H. The weak A-wandering
subspace for V' is defined by

=N N (rkervivi),

i€ BC{i}* eglBl
whenever A C I, and A # (), whereas & := H.

In the above, {i}¢:= I, \ {i}. First, we clarify that weak A-wandering subspaces of twisted
isometries indeed satisfy wandering property.

Lemma 4.2. Let V = (V4,...,V,) be a twisted isometry. Then E4 satisfies the wandering
property for V for all AC I,,, A# 0.

Proof. Let |A| = p and suppose A := {my < --- < m,}. Let k = (ky,....,k,) and | =
(l1,...,1,) bein Z . Suppose k # [, and let j be the minimum of all ¢ € {1,--- , p} such that
k; # l;. Assume, without loss of generality, that k; < [;. For xz,y € £4, we have
<Vfllgx7 Vflly> = <V7IZ; e Vn’ff;:lj', V7£zjj e anfpy>
=V, (V- Vi VA Vi)

Note that (see Definition 4.1)

a:EEA:ﬂ ﬂ ﬂ (keerV,é“).

i€A BS{i}® eg)P
Therefore, if we set B := {m;41,...,m,}, then B C {m;}¢, and consequently

x € ker <Vrzj Vg),
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where k = (kj1,... k) € Z'f'. Consequently, V.. VEx = 0, which implies

k LN _ 1+ 1k li—kj—1 /1
<VA:U7 VAy> - < m]'VB:U7 Vrrfj ! Vrrfpy>
= 07
and completes the proof of the lemma. O
Before we get into the working class subspaces satisfying wandering property, we prove
some lemmas. In the remaining part of this section we assume that V = (V4,...,V,) is a
twisted isometry corresponding to a twist {U;; }i<;. The following simple observation will turn
out to be an indispensable tool in what follows.

Lemma 4.3. For each k € Z'y and i € I,,, there exists a monomial 1,3, € Clz1, ..., 2,] such
that
ViVE = ViV (U).

Proof. By the definition of twisted isometries, we have V;V; = U;;V;V; for all i # j. Therefore
VVE = (UK U (U - U VA,

i(i—1 (i+1)
=0, (U)VV
= V¥V (U),
where
Mg =240 Zfi}lzfﬂl i e Clay,. . 2l
and 7; (U) refers to the polynomial functional calculus. O

In the above, the polynomial functional calculus 7; ,(U) is given by

i(U) = U - U2\ U Ul

i(i—1)Yi(i+1)
We will adopt this convention throughout the remainder of this paper. Moreover, if ¢ and &
are clear from the context, then we simply denote a monomial in U by n(U) instead of 7; ,(U).
Before proceeding, we observe the useful identity

(4.1) U = ‘/;*‘/;*‘/;Vj (i # 7).

This follows from the definition of twisted isometries that V;V; = U;;V;V; and the fact that
Vi € {Us}. ., for all i # j.

Lemma 4.4. U;;E4 = Ex and UjjNy = Ny for all i # j and A C I,,.

Proof. If A = (), then & = H = Nj, and the desired equality is clear. Suppose A # (). By
assumption, we have

(42) UZJV]C = ‘/kUij; and UZ]Vk* = V,:Uij?
for all i,5,k € I, and i # j. Fix A C I,, i # j, and suppose = € £4. We know that
z€ker ViV forallt € A, B C {t}° and k € Z!”!. Therefore,

ViVEU o = Uy ViVir = 0,
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and similarly, V,;*V} U = 0. This implies that U;; reduces £4. Since Uj; is unitary, it follows
that U;;E4 = E4. The second equality U;; Ny = Ny follows from (4.2). O

Since V;V; = U;;V;V; = V;V;U;; for all @ # j, the above lemma implies that:
Lemma 4.5. V;V;E4 = V;V;E4 for all A C I,.

We also have the following invariance property:
Lemma 4.6. V;E4 C &4 for all A ; I, and j € A°.

Proof. We know that & = M. Then obviously V;& C &. Suppose A # (. Let z € E,4.
Since j € A°, for any B C {i}° k € Zlfl and i € A, we have, V*VAV;(x) = 0. This implies
V;€4 C €4 and completes the proof of the lemma. O

Although the weakly wandering subspace €4 satisfies the wandering property, for the sake of
appropriate orthogonal decompositions of twisted isometries, we require to identify a suitable
subspace of £4:

Definition 4.7. Let V = (Vi,...,V,) be a twisted isometry. For each A C I, the A-
wandering subspace for V' is defined by

WA - ﬂ V}ln\AgA :

n—|A|
lez”

Clearly, W,y C &4 for all A C I,,. In particular, we have ijfWA 1 VAWA for all k£ # [ in
Z'f', A#0, and A C I,,. Therefore, the orthogonal sum
(4.3) %V,A = @ V:WA,
kez!?

is well-defined for all A # (). We also set Hyy := W, that is

Hyg =Wy = [|VEH.
kezn
By the commutativity property of Vi’s and U;;’s as in (4.2) and Lemma 4.4, it follows that
(4.4) UijHv,a = Hv,a,
for all i # j and A C I,,. Moreover, we have:

Lemma 4.8. Let V = (Vi,...,V,) be a twisted isometry. Then:

(1) ViWa =Wy for all AG I, and j € I, \ A,
(2) UgWa =Wy forall s <t and A C I,.
(3) ViHya=Hva for all A ; I, and j € I, \ A.
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Proof. Fix A ; I, and j € I,,\ A. Clearly, W4 C V;Wy4. For the nontrivial inclusion, observe

that by Lemma 4.3, there exists a monomial 7; € C[zy, ..., 2,-|4/] such that
VJ( ﬂ Vlln\AgA> = ﬂ VIZH\Aanl(U)EA
tezn 4 tezn A
= ﬂ Vi \aVi€a
tez’y 1!
g ﬂ V}ln\AgA'
tez’ 14

where the last equality and the inclusion follow from Lemma 4.4 and Lemma 4.6, respectively.
Hence V;W4 = Wy, which completes the proof of part (1). Part (2) follows from the Lemma
4.4 along with the fact that U;; commutes with V}, for all ¢ # j and k.

Now we prove that V;Hy.a = Hy,a, forall AS I, and j € A°. Fix A G I, and j € A°. Note

that for each k € Z‘fl, there exists a monomial 7, such that V;V§ = ViVine(U). In view of
Me(UYWa = Wy, we compute

Vittva = Vi (@D Viwa)

4]
keZl!

= (D VAV ()W)

kez!!
= (D vivima).
kez!!

Since V;W4 = Wy, by part (1), it follows that V;Hy 4 = Hy 4. O

Wandering subspaces will play a key role in the remaining part of the paper.

5. TWISTED WEAK SHIFTS

In this section, we will introduce the notion of twisted weak shifts. This will appear to be
the right generalization of Popovici’s weak bi-shifts for pairs of commuting isometries. We
begin with the definition of twisted shifts which was introduced in [13].

Definition 5.1. A twisted shift is an n-tuple of doubly twisted isometry (Vi,...,V,) such
that V; is a shift for alli =1,... n.

Suppose V' = (Vi,...,V},) is a doubly twisted isometry on #H. In view of Theorem 3.7, V'
admits a von Neumann-Wold decomposition H = P Acr, Ma, where

Ha= @ VE( ) ViaNa)  (Ach).

14| n—|A|
ker! IS
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Therefore, V' is a twisted shift if and only if H4 = {0} for all A # I,,. Equivalently, H admits
the following decomposition

"= VW),

keZy

where N =: N, = ;¢ ker V;*.

The typical example of twisted shifts is built up from commuting unitary operators and
shifts on the Hardy space H*(D"). Recall that H?*(D") is the Hilbert space of all square
summable analytic functions on the unit polydisc D™. Given a Hilbert space £, we denote by
HZ(D") the E-valued Hardy space over D™. Then (M,,, ..., M, ) defines a doubly commuting
shifts on HZ(D"), where M,.f = zf for all f € HZ(D"). Tt is often convenient to identify
HZ(D") with H*(D") ® £. We need a definition:

Definition 5.2. Let £ be a Hilbert space, U € B(£) be a unitary, and let j € {1,...,n}.
The j-th diagonal operator with symbol U is the unitary operator D;[U] on HZ(D") defined
by

Dy[U](*n) = +(USn) (k€ 2Ly € £).

Let £ be a Hilbert space, and let {U;;}i<; be a twist on £. Then {Iyz2pn) ® U;}ic; defines
a twist on HZ(D") (or on H*(D") ® &, to be more specific). Define

M., iti=1
V= |
M., (D1 [Un] Da[Us] - -~ Dy [Uii_1]> otherwise.

A routine computation (cf. [13]) then reveals that (V4,...,V,) is a doubly twisted shift on
HZ(D™). This is essentially a model example of twisted shifts. Observe that, since a twist is
made by a family of commuting unitaries and a twisted shift is made of a twist, it is immediate
that the class of doubly twisted isometries is larger than the doubly non-commuting isometries
[5].

In order to formulate the notion of twisted weak shifts, we need a characterization of twisted
shifts. Suppose V = (Vi,...,V,,) is a twisted isometry. Clearly, Il;c; V; is an isometry. The
following lemma, in particular, explains the unitary part of Il;c;, V; in terms of Hy as in
Definition 4.7.

Lemma 5.3. Let V = (V4,...,V,) be a twisted isometry on H, and let S C H reduces V.
Then

(| Vi W)"s = [ Vs

meZLy kezn

Proof. We prove it only for n = 2 as the remaining part can easily be proven by induc-
tion for any positive integer n > 2. Suppose V' = (V4,V2). Evidently (), ,, (ViV2)"S 2
N, ko€Zs VIVJ2S. For the reverse inclusion, suppose z € ﬂmeZJr(VlVg)mS. Let U be the

corresponding twist for (V,V5). Since S reduce Vi and V3, it follows that S also reduces U
(see (4.1)). Let ki, ky € Z, and suppose k; < ky. There exists h € S (depending on k5) such
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that x = (Vﬂ/'g)k?h. By Lemma 4.3 again, there exist monomials 7, and 7, such that
z = (ViVa)" (ViVe)* ™"
= VEVE (V) (o (U))
= VIV (V5 (U) i (U)h).
Since 12(U)n(U*)S C S, we have € V{28, which proves the reverse inclusion. O
We are now ready for the characterization of twisted shifts.

Proposition 5.4. Let V = (Vi,...,V,) be a doubly twisted isometry on H. Then V is a
twisted shift if and only if V1-|N{i}c and V;Vy, are shifts for all i, j,k € I, and j # k.

Proof. If V' is a twisted shift, then, by the fact that M. reduces V; (see Lemma 3.1), it
follows that V| Ngye 18 a shift. Moreover, by Lemma 5.3, we have

N vrn= () (V™K () VH = {0},
meZy mj,mkEZJr mj€Z+

as Vj is a shift. Therefore, V;V} is a shift for all j # k. For the converse, suppose V| Niye
and V;Vj, are shifts for all j # k and ¢ € I,. Our goal is to prove that V; is a shift, that is,

N V¥H = 0 for all i € I,,. To this end, fix i € I,. Note that
ki>0

V=WV, Vi, Vigr, ., Vo),
is an (n — 1)-tuple of doubly twisted isometry with respect to the twist

U={Uy:p<qandp,q#i}.
Therefore, by Theorem 3.7, V admits von Neumann-Wold decomposition H = &P acqie Ha

where
Ha= PVE( ) ViuWn)  (Ac{ip),
kezl IS/A
and J = I, \ {i}. Fix A C {i}° and k; € Z,. Suppose m =n — 1 — |A|. By Lemma 4.3, for
each k € Z'f', there exists a monomial 7y, such that V¥VE = VEVFip (). We compute
vEra = vE (@ vE( ) Vi)
kez! tez:
— @ vivEn@)( ) Vi)
kez! lezl
= @ vV () Vi)

kez! tezt

= @ vi( N Vi),

kez!! tezt
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where the last but one equality follows from the fact that

(@) () VAaWA)) = () ViaVa).

lezy lezr

Therefore
N vira= @ vi( N vEviawv).
ki€Z+ kezt‘” ki€Z+,l€Z1L
If AG J = {i}° there exists j € {i}°\ A, such that
) R /
(5.1) N viviawo = N v (Vi W),
ki€Zy ez kil €4 VeLT

where | = (1, -+ ,l,,) € Z". Applying Lemma 5.3, we have
VAL ! iyl m
N VEvE (Vi) € () VeV = () iv)ms = {o},
kil; €74 kil; €71 meZy

for all I € Z7~". Then (5.1) implies
() V"ViaWa) = {0}

ki€Zy €L

Then the equality preceding (5.1) yields (e, VF¥H 4 = {0} for all A G {i}. Therefore

() ViiH = ) V"M

ki€Zy ki€Zy
k ki
= @ V(N VW),
kEZi_l ki€Z+

Since V| Niye 18 a shift by assumption, we obtain N, <z, VZ’“Z”H = 0, which completes the proof
of the proposition. O

Now we turn to twisted isometries. Let V = (V4,...,V},) be a twisted isometry. Recall
from Definition 4.1 the A-weak wandering subspace for V' is given by

Ea=() () [) kerViVi

i€A BC{i} gy Pl

for all nonempty A C [,,, and & = H. Also recall from Definition 4.7 that the A-wandering
subspace for V' is given by

Wa= [ Viwaéa (ACL).

n—|A|
ez

Assume for a moment that V' is doubly twisted. Fixi € A. Let B C {i}“and k € Zlfl. Since
i ¢ B and V is doubly twisted, by Lemma 4.3, there exists a monomial 1 such that

ViV = mU) V)V
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Since n(U)Vj is an isometry, it follows that €4 = (1,4 ker V;* = Ny, and hence
(5.2) Wa= (] VinaNa (ACT),

leZi"Al

the wandering subspace of doubly twisted isometries (see Theorem 3.7). In view of this
observation and Proposition 5.4, we are now in a position to define a weaker version of shift
that fits appropriately in orthogonal decompositions of twisted isometries.

Definition 5.5 (Twisted weak shift). A twisted isometry V = (V4,...,V,) is said to be a

twisted weak shift if
(1) Vileg,e is a shift for all i € I,,, and
(2) Vij|g{j’k}c is a shift for all j, k € I, and j # k.

Lemma 4.6 ensures that the above definition is consistent. Moreover, in the case of pairs
of commuting isometries, the above definition coincides with Popovici’s weak bi-shift.

6. ORTHOGONAL DECOMPOSITIONS OF TWISTED ISOMETRIES

In this section, we prove that a twisted isometry V = (Vi,...,V},) admits orthogonal
decompositions in the sense of Definition 1.2. Moreover, we prove that V|, is a twisted
weak shift. For the case of commuting pairs of isometries, our result recovers the Popovici
decomposition. First, we prove that V' indeed admits an orthogonal decomposition. Recall
that the A-wandering subspace for V' is defined by (see Definition 4.7)

Wy = ﬂ V[ln\AgA (A C ]n)a

n—|A]

ez

where (see Definition 4.1) & = H and

=N N N (kerviv),

€A BC{i}e kEZLB‘
for all A C I, such that A # (.
Proposition 6.1. Let V = (Vi,...,V,) be a twisted isometry. For each A G I,,, define

HV,A = @ VZ‘CWA
k:eZ'f‘

Then the following holds:

(1) Hy,a reduces V; for all i € I,.
(2) Vilpy.a is a shift for all i € A.
(3) Vilny.a is a unitary for all i ¢ A.

(4) The n-tuple V|y,, , on Hy,a is doubly twisted.
Moreover, Hy a is maximal, that is, if a closed subspace Ky a4 C H satisfies the above four
conditions, then Ky.a C Hy 4.
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Proof. Suppose A = (). Then Hyy = ﬂkezi VEH. By part (3) of Lemma 4.8, for each i € I,
we have ViHyy = Hyp and hence V;*Hyp = Hyp. Therefore, Hyy reduces V; and VAHM is
a unitary for all ¢ € I,,. Next, suppose A(# )) is a proper subset of I,. Fix i € A. For each

ke Z'fl, there exists a monomial 7, such that V;V¥ = ViVin,(U) (see Lemma 4.3). By part
(2) of Lemma 4.8, we know that 7y(U)Wa = Wy. Therefore

Vitva = Vi( €D ViWa)

4]
keZlf

= @ Vi (m(©)wa)

|4]
kezl!

= @ Vf+eiWA,

kez!

and hence ViHy 4 C Hy.a. Now we prove that Vi Hy 4 C Hy.a. Fix k € Z2 1f k; = 0, then,
VIVE(E) =0, as £ € Wy C Ey. If k; > 0, then by Lemma 4.3, there exist monomials 7; and
72 such that

VIVE©) = VIVEVI e (U)(€)
= VR (U)(€) = Vi ma(U)m (U)(€).

Again, by part (2) of Lemma 4.8, no(U)n1 (U*)(§) € Wy. This implies Hy 4 reduces V; for all
ie A Ifi¢ A, then part (3) of Lemma 4.8 yields V;Hy 4 = Hv, 4, which completes the proof

of (1).
Next, for each i € I,,, we set V; := Vil#y, . and V= Va4~ Clearly, V; is a shift for all i € A
and unitary for all i ¢ A. This proves (2) and (3). To check (4), we set

Uij = Uijl’HV,A (Z # j)~

Clearly, ‘N/,V; = [NJZ]V]VZ for all + # 5. Fix ¢ # 7 in [,. If any one of V; and ‘7] is unitary,

then evidently V;*Vj = U;; V;Vi . Suppose now that both V; and 17J are shifts. Of course,

j
in this case 4,7 € A. Let V¥(£) € Hy. for some k € Z‘fl and £ € Wy. If k; = 0, then as
& e Wy C &y, it follows that

ViV (Vi€) = 0=V (Vi€) .
If k; > 0 and ¢ < 7, then by Lemma 4.3, there exist monomials 7, 72, and 73 such that
ViV (Vi) = ViV m(U)g
= VvV (Ui (D)
= VA (U)ne(U)m (D)€,
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and
ViV (VA€) = ViV Vi

= V,V VRV, (U*)¢

= V;Vi “ns(U)ma(U")€

= VAU mU)na(U)na (U7

= U;ivi*‘/}VAf

= Ug*zf/z*f/] (fo(ﬁ)) )
where the last but one equality follows from the fact that V;V} = Vj+ej m (U), and

VAT = Vi U)m (),

whenever ¢ < j. Similarly, for ¢ > j, it follows that V*V UV, V* which proves that V|, ,

N g ]
is doubly twisted corresponding to the twist {U;;}i<;.
To prove the maximality of Hy 4, consider a closed subspace Ky 4 C H satisfying all the four

conditions. Applying Theorem 3.7 to the doubly twisted isometry V|, , on Ky, 4, we have

Gua= @ VA( N Viaa(rervy (VKa))

kez!”! tezn 4

Let i € A, B C {7}, and suppose x € (Niea ker V;*) N Ky, 4. Since Vk,, , is doubly twisted, it

follows that V;*VEx = 0, and hence x € £4. Therefore, if h € Ky, 4, then for any [ € Z'f' and
B C A€, we can write

h= ) VilViep).

|B
keZl,

for some zp € (Nieaker V;*) N Ky 4. Since xp € €y, it follows that h € Hy 4, which proves
that Hy, 4 is maximal and completes the proof of the proposition. ([l

We are finally ready for orthogonal decompositions of twisted isometries.

Theorem 6.2. Let V = (V4,...,V,) be a twisted isometry on H. Then there is a unique
orthogonal decomposition
"= Hua,

ACI,
where
(1) Hy,a reduces V' for all A C I,,.
(2) Hv,a is mazimal for all A ;Ct I, in the sense that Vil , is a shift ifi € A and Vjly,, ,
1s a unitary if j € A°.
(3) Vs, is a twisted weak shift.

Proof. For A ; I,,, define Hy 4 as in Proposition 6.1 and set Hy,7, := HO @A;In Hy 4. Then
(1) and (2) follow from Proposition 6.1. For the last part we need to prove that
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(a) ‘/;|E{i}cmHV,In is a shift for all i € I,,, and
(b) ViVile, yertty.r, is a shift for all j # k.

To this end, fix i,j,k € I,,. Let {i} = I, \ A and {j,k} = I, \ B. Then by the definition of
Hyv 4 and Hy p (see Proposition 6.1), we have

Hva= P fo( N ‘/}mg{i}c>,

kle\ meZ4
and
HV,B = @ Vg( m ‘/{:l.]’k}g{]’k}c) .
kez!?! lez?

Since Hy1,, L Hy,c for all C' C I, in particular, we have

Hvr [ ( A Vimg{i}c) = {0} = Hvu ) < M V{lj,k}g{j,k}c>a

meZy lez?

that is, the unitary parts of Vile,,crmy,, and ViVile  ,yermy,, are trivial. This proves that
V3., is a twisted weak shift. -

Clearly, in the case of commuting pairs of isometries, our result recovers the Popovici
decomposition. It is also worth noting that the extension of Popovici decomposition from
pairs of isometries to n-tuples of commuting isometries, n > 3, appears to be somewhat less
obvious. For instance, the choice of wandering subspaces and the weak shift counterpart for
n-tuples of isometries does not directly follow from the case of pairs of isometries.
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